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By W i l l i a m  T. Wintucky and Warner L. Stewart 
Two-stage counterrotat ing turbine eff ic iencies  are analyzed i n  terms 
of mean-section, velocity-diagram parameters. Work and speed character- 
I s t i c s  a r e  combined i n  a basic parameter X,  which is defined as the r a t i o  
of the squa re  of the average of the stage mean-section blade speed t o  the 
ac tua l  over-al l  specif ic  work output. Efficiencies considered on this 
basis are t o t a l  o r  aerodynamic, ra t ing,  and s t a t i c .  Range of X from 
0 t o  0.375 is appl icable  in  turbojet ,  turbopump, and accessory-drive 
first- or second-stage rotor or both. It i s  assumed that the flow is 
one-dimensional and that the blade specific losses are proportional to 
3 
0 
0 
r' turbines. Limits  imposed are posi t ive  react ion and iupulse across the 
d the average  specific  kinetic energy of the flow. 
The turbine of t h b  analysis has the same limits and general char- 
acteristics as a conventional two-stage turbine previously rwor ted .  The 
over-al l  eff ic iencies  were s l igh t ly  higher by 2 t o  4 points, but within 
the assurqptions of the analysis,  were due to the elimination of the in te r -  
stage s t a t o r .  There was  no s igni f icant  change i n  the over-al l  eff ic iency 
fo r  the first- t o  second-stage rotor speed ratios of 0.5, 1.0, and 2.0. 
Changing the rotor  speed rat io  from 1.0 did change the limiting value 
of X with the value decreasing as the rat io  decreased and increasing 
as the r a t i o  increased. A major effect of changing the ro to r  speed r a t i o  
was t o  change the degree of the work s p l i t  f o r  maximum eff ic iencies .  As 
the rotor speed r a t i o  decreased, the first-stage t o  total-work r a t i o  
decreased, and an increased rotor speed ratio increased this work r a t i o  
at which maximum efficiencies  occurred. 
As p a r t  of the general program concerned with the study of turbine 
performance character is t ics ,  the NACA Lewis  laboratory is  currently con- 
turbine efficiency. The fundamental parameter used i n  this  analysls is 
* ducting an analysis of the e f f ec t  of work and  speed  requirements on 
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the same as Parson's characterist ic number descr ibed in  reference 5 ,  which 
is defined as the r a t i o  of  the square of the mean-section blade speed t o  
the- spec i f ic  work output.  References 2 and 3 involve  the  study of  s ingle-  L 
stage eff ic iency character is t ics  whereas reference 4 presents those for 
the conventional two-stage turbine. 
14 
This report represents an extension of  $he material presented in 
reference 4 to  the case of the counterrotating turbine where the in ter -  
s tage  s ta tor  is omitted and the second-stage rotor blade velocity is i n  
the direct ion opposi te  to  that of  the  f i r s t - s tage  ro tor .  This type of 
turbine is  of i n t e re s t  in unusual turbo3et and turbopunrp applications.  
Fundamental assumptions and Iiuits used in  reference 4 will also be used 
herein. Since both rotors are free t o  r o t a t e  a t  different blade speeds, 
t he  e f f ec t  of variation in these speeds must be considered. 
The three types of efficiency considered herein are the same as those 
studied in  reference 4: 
(1) Total or aerodynamic efficiency, which includes all aerodynamic 
losses 
(2) Rating efficiency, which, i n  add i t ion  to  the aerodynamic losses, 
considers the turbfne exit  whirl a loss (used in  je t -engine 
analysis)  
c 
(3) Stat ic   eff ic iency,  which, i n   add i t ion   t o  the aerodynamic losses,  s 
considers the turbine exit t o t a l  ve loc i ty  head a loss (used i n  
turbopuqp and accessory-drive turbine analysea) 
In  presenting the analysis results, the range of h covered w i l l  
include those encountered i n  the turbojet ,  turbopump, and auxiliary-drive 
fields. Resu l t s  fo?z the equal speed case, that is, where both rotors are 
operating a t  the 8ame blade speed, w i l l  first be considered for zero and 
then w y i n g  negative turbine exit  whirls. These results will then be 
compared with those presented in reference 4 fo r  the conventional two- 
stage turbine.  Finally,  the e f f ec t  of varying the rotor  speed rat io  on 
the eff ic iency character is t ics  and power l imitat ions w L l l  be described. 
A turbine blade surface area, sq f t  
B parameter  qual  to K - A 
W 
C parameter  describing  velocity-diagram  type  for  stage  total- 
efficiency equation 
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E specific  kinetic-energy  level,  Btu/lb - 
P r a t i o  of stage  to  average  blade  speed 
g acceleration due to   gravi ty ,  32.17 Ft/sec2 
h specific  enthalpy, Btu/ lb  
A h t  . . spec i f ic  work output,  g tu / lb  
J mechanical  equivalent of  heat, 778.2 f t - l b /Hu  
K constant or proportionali ty 
L loss  i n  k ine t ic  energy,  Btu/lb 
U mean-section  blade speed, f t /SeC 
V absolute gas velocity,  Ft/sec 
AVu change in  tangent ia l  w h i r l  across the ro tors  
w r e l a t i v e  gas  velocity, ftfsec 
W weight-flow rate, Ib/sec 
3 
tl to ta l   e f f ic iency ,  based on total-pressure r a t i o  across turbine 
qs static efficiency,  based on ratio of t o t a l  t o  s t a t i c  pressure across 
turbine 
rating efficiency, based on t o t a l  pressure upstream of turbine and 
pressure downstream of turbine equal. t o  sum of s t a t i c  pressure 
and axial component of velocity head 
h. work-speed parameter, U 2 / g J A t  
Subscripts : 
a f i rs t  stage 
av average 
b second stage 
i d   i d e a l
R ro tor  
4 
S s t a t o r  
ST s tage 
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u tangent ia l  component 
X axial component 
0 upstream of turbine 
1 s t a t i o n  between f i r s t - s t age   s t a to r  and rotor  
2,3 s t a t i o n  between f i r s t  and  second stage 
4 downstream of turbine 
Superscripts: 
t absolu te  to ta l  state 
&- 
(D 
0 
over -all 
MF;TBOD OF ANALYSIS 
The IN'I!RODUCTION pointed  out that the fundamental  parameter  used in .I 
determining the counterrotat ing turbine eff ic iency character is t ics  is 
X. ThFs parameter is defined herein as 
where Ly1' is the  over-al l   specif ic  work output, and Uav is the average 
of the two ro tor  mean-section blade speeds. That is  
In providing for t he   va r i a t ion   i n   t he   r a t io  of stage blade speeh, 
t h i s   r epor t  w i l l  uae the speed rat io  def ined by 
Fa U a  
" &" 
that  is, the ratLo of first- t o  second-stage speed. By def in i t ion  
*a Fa = - 
Uav 
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In the analysis,  a range of FdFb will be selected.  1% wlll then 
be desired to obtain Fa , and a f o r  use i n  the eff ic iency calculat ions.  
The equations to do this can be  obtained by the proper combination of 
equations (3a) snd (3b)  with equation (2) to y ie ld  
2 Fa = 
+ 1 
2 
- + 1  
%I = Fa 
Po 
These speed r e l a t ions  w i l l  now be used with others  defining the 
velocity-diagram characteristics to obtain the turbine-efficiency equations. 
r Efficiency  Equations 
The to ta l ,  ra t ing ,  and  s ta t ic  e f f ic ienc ies  a re  similar t o  %hose of 
the two-stage analysis of reference 4 and a re  now develqped to include 
the e f f ec t s  of  the speed ratio.  
Stage total  eff ic tency.  - The stage t o t a l  e f f i c i ency  is def ined to  
include a l l  aerodynamic losses  as 
where is the actua l   spec i f ic  work output, and is the  
idea l   spec i f ic  work output corresponding to. the to ta l -pressure   ra t io  
across the turbine stage.  This eff ic iency is r e l a t ed  t o  the work-speed 
and velocity-diagram parameters as 
W T  = 'ST " =ST 
where, as i n  the two-stage analysis (ref. 4) 
. 
c 
6 
and 
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The equation for C is originally derived in reference 2 and is 
modified for a two-stage turbine in  reference 4. For the first stage, 
Ca Bas the same veloci ty  re la t ion.  
The second stage Q, is shortened by two expressions since the inters tage 
s t a t o r  is eliminated. A l s o  the whirl  parameter is changed t o  terms of 
the turbine exit-whirl parameter Vu,4/AVu,b by the f o l l o w h g  relat ion:  
Mow the expression  for Cb is 
Velocity diagrams and s t a t ion  nomenclature a re  sham in  f igu re  1. For 
ease of comparison with the conventional two-stage turbine, the direction 
of ro to r   ro t a t ion  is posi t ive.  
The assumptions  Involved i n  the derivation of C are as fOllOW8 
since C is not derived here: 
( 3 )  The stage spec i f ic  energy loss &id,ST - Ah,&, is assumed equal 
t o  the sum of the s t a to r  and ro tor  spec i f ic  flow losses ]Ls + LR. These 
flow losses, expressed i n  uni ts  of Btu per pound, are defined as the 
difference between the ideal  and actual specific kinetic energy obtained 
through expansion t o  the blade exit stat ic  pressure.  The va l id i ty  of 
t h i s  assumption i s  investigated in appendix C of  reference 2, Where it 
is shown t o  be correct except for the smsll ef fec t  o fabsolu te  en tha lpy  
variations through the stage. 
(2)  The stage specif ic  flow loss I& + LR is assumed proportional 
to  the surface area per  uni t  weight  flow and the specific kinetic-energy 
l eve l  of  the flow; that is, 
MAW RM E57L05 
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This a s s u q t i o n  can be shown t o  be valid from boundary-layer considerations. 
(3) The specific kinetic-energy level E of the flow is  assumed t o  
be representable by the average of the spec i f ic   k ine t ic   energ ies   en te r ing  
and leaving the blade rows where the velocities involved are r e l a t i v e  to 
the blade rows. 
The assumed constants are kept the same as i n  the previous analyses; 
B = 0.030 and (V$),,/gJ,!Br = 0.245. Equations (6c) and (sa) as presented 
include a stage specif ic  work  term. This s tage  spec i f ic  work is modified 
so that the assumed constant wtth the over-al l  specif ic  work (V$),v/gJLlhr 
may be used. 
uav 2 
Using equations (6b) and (6c) or (6d) in  equat ion ( S a )  results i n  a n  
equation for stage ef f ic  iency .
Over-al l  total  eff ic iencx.  - The over-al l  total  eff ic iency including 
a l l  aerodynamic losses  is defined as: 
where A h f  is the ac tua l  spec i f ic  work output acroas the turbine, and 
hia is the ides1 specif ic  work output corresponding to the  total- 
p r e s s u r e  r a t i o  a c r o s ~  the turbine. The e f f e c t  of turbine inters tage re- 
c heat Fs not  considered  sin&  an  enthalpy  level would have to be  specified.  
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Equation (9) can be m i t t e n  as . .. . . . . .
- Ah; + q 
v.=  
&id,, + &;d,b 
Multiplying the numerator and denominator of equation (10) by 
I 
" 
gives 
Subst i tut ing the r e l a t ions  of qa, q,, X, X, Fa, and Fb, results in the 
following expresston fo r  over-al l   to ta l   eff ic iency:  
Over-all ra t iug  e f f ic iency .  - The kine t ic  energy i n  jet-engine 
turbine exit w h i r l  is l o s t  since it does not add t o  thrust .  Single- 
s tage  turbine rating eff ic iency was derived i n  reference 2 and modified 
f o r  the two-stage turbine in  re ference  4.to 
W i n g  appropriate subst i tutfons i n  equation (12) 
n 
- n 
0 
0, 
% 
Over-al l   s ta t ic  eff ictency. - In applications such as turbopunq and 
accessory drives, the en t i re  ve loc i ty  head is a loss chargeable to the 
turbine.  For the single-stage turbine this eff ic iency m s  a lso  derived 
in reference 2 and modified for the two-stage turbine i n  reference 4 t o  
As i n  the other analyses it is assumed that VX,$ = (e)av and w i t h  the 
cu 
0 
f proper  substl tutions maae i n  equation (14) 
- - 
'Is = 
rl 
" 
Again using the def in i t ions  of y, X, %, and X, r e s u l t s  i n  an expression 
f o r  s t a t i c  e f f i c i e n c y  
- n 
Work-Speed Parameter  Relation 
The sum of the work done by both stages is e q u a l  t o  the t o t a l  work 
done by the turbine.  
A h 1  = Ab; + q 
Multiplying by gJ and dividing by UEv results i n  
.I 
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First-Stage-Stator Exit-Whirl Considerations 
The last parameter needed for  ca lcu la t ion  of e f f ic ienc ies  is the 
f i r s t - s tage-s ta tor  exit-whirl parameter (Vu,l/&u,a). This was one of 
the independent variables in  reference 4, but with the eliminatfon of  the 
inters tage s ta tor ,  it becomes a dependent var iab le  in  th i s  ana lys i s .  It 
is developed from the tangent ia l  w h i r l  re lat ion  across   both  rotors .  
The ab lsolut e tangent ia l  flow velocity out of the first ro to r  i .s the same 
as that going into the second-stage rotor b u t  q p o s l t e  in s ign  
  VU,^ = -Vu,3). By combining the expressions of stage tangential veloc- 
i t ies and dividing by AVu,ar the following is obtained: 
NACA RM E57L05 
. 
h t h o d  of Calculations and Limits 
. The four parameters required f o r  solution of the over-all .  efficiency 
equations are Fa/%, V U , ~ / . A Y ~ , ~ ,  X, and  hb . These parameters W X L ~  be 
selected to cover the range considered of in t e re s t .  Once these parameters 
have been selected,  the over-al l  eff ic iencies  can be calculated f o r  a 
given set of conditions. Listed in t ab le  I are the equat ion relat ions 
used and the quant i t ies  needed for thefr calculations.  The ranges and 
limits placed on the independent variables eze nm discussed. 
8 
% 
Speed r a t i o  Fa/&. - Since the speed r a t i o  is one of the major 
independent var fables of thFs analysis, F d a  r a t i o s  of 0.5, 1 .O, and 
2.0 are covered to  ge t  an  e f fec t  of ra t io  var ia t ion .  However, the 
primary euphasis of the analysis  is placed on the equal  speeds case i n  
order   to  make a comparison with the conventional two-stage analysis. 
Turbine exit-whirl parameter Vu,4/AVu,b. - The range of this 
and speed combination, maimurn eff ic ienc ies  do not occur wfth pos i t ive  
exit whirls. The upper l l m i t  was  selected 98 zero and the lower lfrnft 
41 variable was limited t o  zero  and  negative  values,  since, for a given work 
I 8s -0.4. Using  negative turbine exit whirls, allows a lower A to be 
Vi used within the limits of the analysis as w i l l  be shown. The range of 
3 
cu 
0 
this  parameter is then 
Over-all work-speed parameter h . - The upper value of f o r  which 
calculat ions were m a d e  was a r b i t r a r i l y  selected as 0.375. This value 
adequately determines the over-all efficiency levels and the f la tnes s  of 
the upper port ion of  the efficiency curves. Also this point  was used i n  
the two-stage analysis (ref. 4 ) ,  and a direct coqparison can be made. 
The lower limlt of X is based on iqu lse  condi t ions  across  both  
ro tor  blade rows. Reaction across any blade row is l imi t ed  to  pos i t i ve  
or zero, since it has been found thst blade losses markedly increase 
w i t h  negative reaction. IIzle value of the loss parameter E is =re 
valid for posit ive ana zero reaction than negative react ion.  For ease 
of analysis, the assu~rption is made that the Etxial coqponent of velocity 
through the turbine is constant. The specification of iupulse conditions 
and constant axial veloci ty  across  the rotors  means that the r e l a t i v e  
w h i r l  ve loc i t ies   en te r ing  and leaving the ro to r s  are equal but opposite 
i n  6i@l 
wu,3 = -%,4 
12 
since 
By rearranging and using velocity-diagram considerations, equations for  
impulse conditions across both rotors  are  developed. 
One-point operation and, therefore, the lowest  value of A occurs when 
both rotors  are at impulse conditions. To get an expression, for this 
point, equations (4a), (16), (19), and (20) are  subst i tuted in  equat ion 
(17). The resul tant   equat ion  for  A in terms of Fa/& and Vu,4/.4Vu,b 
is 
(2 + 1)2(+ + b ) 
The graphical representation of-this equation is  shown i n  f igure  2. 
Second-stage work-speed parameter Ab. - The last independent variable 
is the second-stage work-speed parameter which, after Fa/&, Vu,4/L?rVu,b, * 
and X are selected, determines  the work spli t  of  the two stages.  The 
upper l i m i t - o n  Ab occurs when the first-stage ro tor  is at impulse condi- 
t ions .  So using  equations (16) and (19) in equation (17) gives the 
following equation for the upper limit of Ab: 
"I 
2XF: 
The lower limit of Xb occurs when the second-stage rotor is at 
impulse conditions. This is obtained f'roa equation (20) f o r  a specif ied 
turb ine   ex i t  whirl  
co 
0 
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1 In  presenting 
equal  rotor speeds 
the results of the counterrotating turbine analysis,  
are f irst  considered w i t h  zero turbine exit whirl. 
The effect orpadding exit whirl on turbine eff ic iencies  is then sham. 
A comparison is made with the two-stage turbine analysis of reference 4 
t o  show possible  ga ins  in  eff ic iency due t o  the elimination of the i n t e r -  
stage s ta tor .  F ina l ly  the effect of varying the rotor  speed rat io  on 
over-al l  eff ic iency and work s p l i t  is presented for first- t o  second- 
s tage rotor  speed rat ios  of 0.5 and 2.0. 
Equal  Rotor Speed 
Zero turbine exft w h i r l .  - Over-all t o t a l  and s t a t i c  t u rb ine  effi- 
ciencies are presented in  f igure 3 f o r  various over-all  X.  For the zero 
turbine exit-whirl  case, t h e - t o t a l  and r a t ing   e f f i c i enc ie s  are the same. 
The over -a l l   e f f ic ienc ies  are presented as a function of the first-stage- 
stator exit-whirl  parameter V u , ~ / N u , a  over a range of  values from 0 t o  
0.8, A t  specified  values  of X, a range of Xb is covered to  ind ica t e  
the range of maximum eff ic iencies  within the impulse limits of the anal- 
ys i s .  The region of maximum efficiencies occurs over a range of  
VU,l/AVu,a of approximately 0.4 t o  0.65. c 
. A t  a X of  0.375, the efficiency  curve is f la t  over a wide range 
of f i r s t - s t age - s t a to r  ex i t  whirls. The maximum over-al l  eff ic iency from 
f igure  3 f o r  X = 0.374 occurs at a X b  of 1.2, which is very conservative. 
The first stage Aa equa l s  0.65, which is the equivalent of a single-stage 
turbtne with zero exi t  whirl. A t  a higher X, the Ab at which m s x ~ m u m  
efficiency occurred would be higher and therefore  m o r e  conservative. This 
is considered a questionable design region since a single-stage turbine 
could now do the work w i t h  comparable e f f ic ienc ies  . 
AB X is reduced, the range of operation within the l imf ts  of this 
analysis is reduced u n t i l  at impulse conditions across both rotors, a 1- 
point operation is reached at X = 0,125 for zero turbine exit w h i r l .  
The dashed curve represents impulse conditions across the second-stage 
rotor ,  and the  dash-dot curve is impulse across the first-stage ro tor .  
The stage impulse L i m i t s  are not shown fo r  the higher X ' s  since the 
over -a l l   e f f ic ienc ies   for  these points nould be much lower than the peak 
values and could fall off the graph. Maximum t o t a l -  and s ta t ic-eff ic iency 
points  for  a given h occur a t  the same couibinations  of X ,  Xb, and 
VU11JAVU,a. It is in te res t ing  to  note  that for zero exit whirl, the first- 
stLge-stator  parameter Vu,l/AVu,, is equa l  t o  one mFnus the r a t i o  
* 
of the s tage works (L - 2). 
- 
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In reference 4, figures 3 and 4 are the t o t a l  and s t a t i c   e f f i c i e n c i e s  
for the conventional two-stage turbine. The dashed l ine  represents  the 
in te rs tage   s ta tor  a t  impulse  conditions,-which is the equivalent of  t h i s  I 
analysis .  Comgaring this condition with this analysis,  shows t h a t  the 
curves of both analyses are s i m i l a r  i n  shape and occur at approximately 
the same values of Vu,l/AVu,a. 
Effect  of turbine exit w h i r l .  - The general  effect  of adding negative 
turb ine  ex i t  whirl, as discussed in the sect ion on X limits, is t o  re- 
duce the X a t  which iqpulse  conditions are reached  across  both  rotors. % 
Turbine exit w h i r l  is not  comidered for  X above 0.25 since the turbine 
is then definitely operating at maxim over-all  efficiencies without 
exit whirl. 
(D 
0 
Figures 4(a), 4(b) ,  and 4(c) are over-al l  total ,  rating, and s t a t i c  
efffciencies over a range of turbine exit whirls from 0 t o  -0.3 presented 
on the same basis as the zero turbine exit-whirl case. Efficiency values 
for  tu rb ine  exit whirl of -0.4 are not shown since they are much lower 
than the other exit w h i r l s ,  and some points  do not f a l l  i n  the range of 
efficiencies presented. The peak efficiency points for Vu,4/AVu,b = -0.4 
are presented in  table II. Points were computed t o  determine the shape 
of the curves  but only the even  valued  points are presented on the 
curves . 
The efficiency curves are f a i r l y  flat such that design diagram 
parameters could be varied without effecting the over -a l l   e f f ic ienc ies  
t o  any great extent. For example, at a X of 0.20, the first-stage- 
s t a t o r  exit-whirl parameter could vary from 0.3 t o  0.6 nfthout changing 
the to t a l   e f f i c i ency  more than 1 point or the rat ing and static eff i -  
ciencies more than 2 points .  The range of de.sign conditions for a given 
X is somewhat extended by the addition of tu rb ine  ex i t  whfrl since the 
lower limit on Ab is reduced. 
Table U: I s  a compilation of calculated points of maximum eff ic iencies .  
A t  increaeed turbine exit whtrls, maximum to t a l  e f f i c i enc ie s  can occur at 
values Of Vu,lfAVU,a d i f fe ren t  from those of the r a t ing  and s t a t i c  
e f f ic ienc ies .  A complete set  o f  data is presented for  total ,  ra t ing,  
and s t a t i c  e f f i c i e n c i e s .  Work splits are presented only for the r a t ing  
and s ta t ic  e f f ic ienc ies  s ince  these method6 of  ra t ing  the turbine are of 
prime in te rea t .  Tota l  e f f ic tency  is not EtFfected t o  any great extent by 
the amount of turbine exit whirl s ince it is only a measure of aerodynamic 
performance. 
Figure 5 i s  a plot of the peak efficiency points over the range of 
X considered. For clarity on f igu re  5 the total-efficiency curve does 
not have all of the exit-whirl points from t ab l e  II p lo t t ed  on it. From 
the rating- and atatic-efficiency curves it can be seen that the u8e of 
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tu rb ine  ex i t  whirl can increase the over-al l  efPiciencies  for  low values 
Of h. This is due t o  the f a c t  that the energy l o s t  i n  t h e  small amount 
The ef f ic ienc ies  drop aff as X is reduced  because of increased  viscous 
losses  and go to  zero as X is reduced to  zero.  
- of whirl added is more than  offset  by the improvement in   ve loc i ty   d iagram.  
Work s p l i t .  - Figure 6(a) shows the work split of the two stages as 
a r a t i o  of  f i r s t - s t age  work t o  t o t a l  work bhubh' f o r  the peak e f f i c i -  
ency poin ts  presented  in  figure 5. This is expressed i n  terms of the 
work-speed parameters, and using the relations of h ,  Xa, and Fa, the 
work s p l i t  is developed as 
The so l id  l ine  represents  the zero exit-whirl case. As e x i t  whirl is 
added, the second stage is  permitted to do more work. The dashed-dot l i n e  
is dram through points of impulse across both rotors at specif ied exft 
whirls. These points  l i e  Ln a straight l i n e  which reduces &A/&' t o  
0.5 when X goes to  zero.  -inurn over-all  rating and static ef f ic ienc ies  
occur i n  the region of wf!hl = 0.65. There is some s c a t t e r  i n  t h e  
points since the points are computed f r o m  specif ied points  and are  not  
necessarily points of absolute maximum eff ic iency.  The work-split chaz- 
a c t e r i s t i c s  of f igure  6(a> compared with figure 9 of reference 4 are the 
same below a X of 0.025. 
.I 
Comparison with Wo-stage efficiency results.  - The counterrotating 
turbine is now compared with the conventional two-stage turbine of ref- 
erence 4 by suger ibos ing  the curves of f igure 5 with those of reference 
4 and t h u s  presenting figure 6. Within the assumptions of this analysis,  
by elimination of the in te rs tage  s ta tor ,  the t o t a l   l o s s e s   a r e  less thereby 
increasing the t o t a l ,  rating, and s t a t i c  e f f i c i e n c i e s .  A t  X = 0.375, the 
counterrotat ing turbine over-al l  eff ic iencies  are-about  2 points  higher 
than the two-stage  turbine. As X reduces  to 0.25, the counterrotating 
turbine over-al l  eff ic iencies  are about 3 points  higher than reference 4. 
This difference slightly increases to about 4 points  as X is reduced. 
The absolute  level  of the ef f ic ienc ies  may be somewhat  higher than 
that encountered in  ac tua l  p rac t i ce  s ince  the  loss coef f ic ien t  B is f o r  
a single-stage turbine. It is not known t o  what extent this coeff ic ient  
would actually vary in this analysis .  Variat ions in  the assumed constants 
and assumptions were s tud ied  in  the conventional two-stage analysis of 
reference 4. 
- 
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One effect of changing the ro to r  speed r a t i o  is t o  change the X 
at which impulse conditions are reached for a specif ied turbine exi t  
whirl .  It was previously mentioned that the graphical representation of  
the iupulse limit over a range of speed r a t i o s  and turbine exit whirls 
is sham i n  figure 2. For zero turbine exit whirl the imgulse limit I s  
unaffected by the speed r a t i o .  As Fa/% increases above 1, the impulse 
limit f o r  a l l  negative whirls approaches the zero whir l  value. When the rp 
FJ% r a t i o  decreases from 1 t o  0, the impulse limit decreases to a 
l imiting value For each turbine exit  whirl. 
cn 
(D 
0 
Effect  of speed r a t i o  on over-all  efficiency. - As was pointed out 
i n  the method of calculations,  two reasonably different speed r a t i o s  of 
0.5 and 2.0 are analyzed to determine the effects of  varying speed r a t io s .  
The two r a t i o s  were completely analyzed i n  the same manner as the case of 
equal  rotor  speeds, and the r e s u l t s  are t abu la t ed  in  table 11. From 
these tables ,  maximum over-al l  eff ic iency points  for  the various turbine 
exit whirls over the same h range are p l o t t e d  i n  f i g u r e  8. A comparison 
of f igu re  8 w%th f igure  5 for a l l  the e f f ic ienc ies  shows that i n  the f lat  
portions of  the curves there is  no di f fe rence  in  e f f ic ienc ies  for  the 
three r a t io s .  In  the  X region where the efficiency starts t o  drop  off, 
there is  about a 1-point   d i f ference  for  any  efficiency,  and this differ- - 
ence increases very slightly thereafter. From this it can be concluded 
that varying the speed r a t i o  does not eefect to any s lgni f icsn t  ex ten t  
the leve l  of  e f f ic iency  for  a given X .  - 
For the F$pa r a t i o  of 2.0 there is almost no change in over-all  
eff ic iency at a given X f o r  the range of tu rb ine  ex i t  whirls considered. 
This i s  due t o  t h e  f a c t  that the f i r s t - s t age  ro to r  is operating at twice 
the speed of the aecond, and the energy in the Whirl comlng out of the 
second ro to r  is only a small percentage of the t o t a l  energy. 
In the case of the Fa/% r a t f o  of D.5, varying the turb ine  ex i t  
whirl a t  a given X has a pronounced e f f ec t  on the over-all  peak ratfng 
and static ef f ic ienc ies .  Thfs is due t o  the f a c t  that the turbine exi t -  
whirl energy is now a large percentage of the t o t a l  energy of the turbine.  
Effect of speed r a t i o  on work s p l i t .  - Shown in  f igures  6(b)  and 
6(c)  are the f i rs t -s tage to  total-work rat ios  corresponding to  the peak 
ef f ic iency  poin ts  p lo t ted  in  f igure  8. It can be seen that when the three 
speed ratios are compared, the major e f fec t  af varying Fa/% is t o  change 
s igni f icant ly  the general  level  of work s p l i t s  &&/Ah' f o r  which maximum 
over -a l l  e f f ic ienc ies  OCCUT. 
-.three f igures  (6(a), 6(b), and 6(c)) of work s p l i t s  have the 
same general   characterist ics.   For  zero  turbine  exit  wh i r l  as A i s  
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reduced the first-stage work percentage increases and peaks at a X of 
0.125. From this point as X is reduced the first-stage to total-work 
r a t i o  is reduced as the impulse limit on both rotors describes a straight 
l i n e  (eq. (21)) .  Below these two curves is a region where the work s p l i t  
can be var ied  by adding turbine exit whirl without affecting the over-all  
to ta l  e f f ic iency  t o  any great extent.  A t  maximu= over-al l  eff ic iencies ,  
f i r s t - s t a g e   t o   t o t a l  work splits of 0.4 t o  0.5, 0.6 t o  0.7, and 0.8 to 
- 
0.9 occuried at t b  
An analysis of 
a range of work and 
w a s  conducted using 
speed rat ios  of 0.5, 1.0, &d 2.0, respectively.  
SUMMARY OF RESULTS 
two-stage counterrotating turbine efficiencies over 
speed requirements bas been presented. The analysis 
the same assuTlq?tions and limits a6 the two-stage 
and single-stage analyses previousiy reported. Total, rating, and-static 
efficiencies are presented as a function of the   f i r s t - s tage-s ta tor   ex i t  
w h i r l  w i t h  the over-all  work-speed parameter, second-stage work-speed 
parameter, and turbine exit-whirl parameter as major variables. The effi-  
ciencies a l so  are presented as peak-point curves and are compared with the 
conventional two-stage turbine efficiencies. The speed r a t i o  is vazied 
and the results compared. A summary of the per t inent  resu l t s  is as 
follows : 
1. The counterrotating two-stage turbine with equal rotor speeds had . the same general performance characteristics as the conventional two-stage 
turbine. The over-all  limlts are  the same w i t h  the counterrotating turbine 
being naore l imited bemuse of the absence of an inters tage s ta tor .  The 
over-al l  eff ic iencies  are from about 2 to 4 points higher than the con- 
ventional turbine depending on the region of  A .  Within the assunrptions 
of the analysis,  this was due to the elimination of the inters tage stator 
and i ts  associated losses. 
2. A t  speed ratios of 0.5, 1.0, and 2.0 there was no s igni f icant  
e f f ec t  on the general  level of over-al l  eff ic iecy.  In the h region 
where the eff ic iencies  started t o  drop off there was  a slight variat ion 
of 1 t o  2 points.  Changing the speed r a t i o  d i d  change the X a t  which 
impulse conditions were reached for a specified negative turbine exit 
whirl. Increasing the speed rat io  increased the ltrnitfng X and decreas- 
ing the speed ratio decreased the l imi t ing  A. A t  a speed r a t i o  of  2.0 
fo r  a specified X there w a s  no -ked effect on over-all  eff Iciency due 
t o  changing the turbfne exit  whir l  because the energy i n  the second-stage 
w h i r l  is 8 small percentage of the t o t a l  energy. With a speed r a t i o  of 
0.5 f o r  a given X there was a def in i te  e f fec t  on-over -a l l  ra t ing  and 
static eff ic iencies  f o r  the vmious turbine exit  whirls.  A major effect  
of changing the rotor  speed rat io  was to change the l e v e l  at which the 
work spli t  occurred for the peak over-all efficiency points. The first- 
stage work to t o t a l  work  splits for the speed r a t i o s  of 0.5, 1.0, and 
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2.0 occurred at leve ls  of about 0.4 t o  0.5, 0.6 t o  0.7, and 0.8 t o  0.9, 
respect ively,  for  maximum over-all  efficiency. 
This is a comparative analysis and the absolute leve l  of  the effi-  
c iencies  presented herein may be somewhat higher than that encountered 
in actual pract ice .  The purpose of the  report is t o  show the effect on 
over -a l l  e f f ic iency  leve ls  for  var ia t ions  in  work and speed requirements 
f o r  a two-stage counterrotating turbine using the same constante and 
assumptions as in the analysis of the conventional two-stage turbine. 
Variations i n  the constants and assumptions were studied i n  the convention- 
a l  two-stage analysis of reference 4 and were not considered here. 
Lewis  Flight  Propulsion  Laboratory 
National Advisory Cornittee for Aeronautics 
Cleveland, Ohio, December 7, 1957 
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Turbine-  Over-all 
exit-whirl  work-speed 
parameter, parameter, 
vu, 4 x 
b 
0 0 375 
.250 . 200 
.150 
-125 
-0.1 0.250 
200 
.150 
0 111 
-0.2 O 250 
.200 
.150 . loo 
-094 
-0.3  0.250
200 
-150 
,100 
.071 
Maximum over- 
all t o t a l  
efficiency - 
'b 
- 
1.2 
.7 
06 
05 
.5 
0.7 
-5 
04 
.4 
0.6 
.5 
04 
03 
03 
0.6 
-5 
.3 
-2 
02 
0.1 
- 
- 
- 
- 
- 
% q  
- 
0.54 0.905 
-44 -903 
.57 -879 
.67 .848 
e 5 0  -897 
DOSO 0.904 
-40 .899 
.46 .888 
-65 .844 
3043 0.904 
.47 .goo 
.52 .888 
-60 -850 
-63 -836 
3.50 0.904 
-53 .899 
.30 -889 
.30 .870 
-61 -816 
3.57 0.767 
- 
'b 
- 
1.2 
07 
.6 
05 
05 
0.7 
-5 
-4 
.4 
0.7 
-5 
.4 
.3 
03 
0.7 
-6  
.4 
.3 
.2 
0.1 
- 
- 
- 
- 
- . - .. 
Maxhum over-all  rating 
and statLc - efficiencies, 
% 
CD 
0 
0.54 0.905 0.815 
.44  .903  .813 
-50  -897 .a08 
-57 -879  .793 
-67 .&QB .768 
0.50  0.901  0.812 
-40 .896 -807 
.46 .884 .798 
.65 .841 762 
0.56 0.894 0.806 
.47  ,887 -800 
-52 .873  .789 
-60 .834 . 751 
e63 -822 ,747 
3.61 0.882 0.796 
.65 -871 .787 
-58  0853 .773 
.67 .808 .735 
-61 766 .700 
3.57 0.610 0.567 
- . .  .. . 
hh' 
0.69 
.64 
.67 
.70 . 75 
0.64 
-60 * 
62 
.72 
0.64 
.60 
.62 
.69 
.69 
0-64 
.67 
.62 
-67 
64 
0 -58 
T 
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TABLE 11. - Continued. RESULTS O F  EFFICIENCY CAICULATIOMS 
(b) Speed ra t io ,  Fa/Fb, 0.5 
Turbine- 
e x i t - w h i r l  
parameter, 
vu, 4 
b 
0 
-0.1 
-0.2 
-0.3 
-0.4 
~ ~~ 
ker -a l l  
work-speed 
Maximum over- 
efficiency parameter, 
all t o t a l  
~~ 
T 
x 
i;; 
0.375 
.5  .125 
.5 . 150 .6 .200 
.8 .250 
1.2 
0.250  0.7 . 200 -6 . 150 .4 . 125 .4 . 107 -4 
0.250 0.7 . 200 -6 
.150 .4 
.125 04 . 100 -3 
.086 -3 
0.250  0.7 
.200 05 . 150 -4 
.l25 .3 . loo *3 
.080 02 
.062 .2 
0.040 0.1 
.034 .1 
3.37 
, 37 
.27 . 43 . 60 
3.22 
.34 . 10 
-44 . 59 
3.30 
.42 
0 20 
.40 
-42 . 58 
3.39 . 14 
-30 
-00 . 49 
.14 . 56 
3.26 
-54 
+ 
3.905 
.903 
.898 . 880 
,833 
3 . 903 . 899 
-884 . 872 
.827 
3.904 
.899 
,891 
,872 
.864 
.816 
3 . 903 . 898 
.894 
879 . 861 
.857 
.794 
3.796 . 726 
MaxFmum over-all rating 
and s ta t ic  - efficiencies - , 
'b 
1.2 
.8 
.6 
-5 
.5 
3.8 
.6 
.4 
.4 
.4 
3.7 
.6 
04 
.4 
.3 
.3 
- 
- 
3.7 
.6 
.5 
-4 
e3 
.2 
.2 
3.1 
.1 
- 
-
'IX 
t, 1 
%,a 
1.37 . 37 
.27 
.43 . 60 
1.44 .34 . 10 
.44 
.59 
I. 30 
.42 
.20 
-40 
-42 . 58 
1.39 
.49 
.60 
'56 
.49 . 14 
.56 
1.26 
-54 
.. 
- 
qx 
1.905 . 903 
.898 
880 . 833 
1.897 
.893 
-877 . 868 
.823 
1.877 
,876 . 861 
-853 
-843 . 794 
1.844 
-846 . 832 . 825 
.816 . 783 
,722 
1 . 688 
-537 
1.814 . 813 
.a09 . 794 . 756 
1.808 . 806 
.792 . 784 . 148 
1. 792 . 791 . 778 
.772 
.763 
.724 
1. 765 
767 
.755 . 749 . 741 
.714 . 664 
1.635 
0 504 
- 
- Ih' 
- 
1.44 
-44 . 41 
.47 
.56 
1.44 
.40 . 33 
-44 
.52 
1.36 
.41 
33 
-44 .44 
-49 
1 - 3 6  
.41 
-47 
-44 
41 
.29 
-44 
1. 29 . 39 
- 
- 
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TABLF: II. - Concluded. RESULTS OF MAXJ.” E F ’ F I C m C Y  CALCULATIONS - 
(c) Speed ratio, Fa/Fb, 2.0 
parameter,  parameter, 
vu,4 x 
Avu, b 
0 0.375 . 250 . 200 . 150 
.125 
-0.1 0.250 
.200 
.150 
.125 
.u5 
-0.2  0.250 . 200 
. S O  
-125 . 102 
-0.3 0.250 
s 200 . 150 
.125 
,100 . 083 
-0.4 0.054 
..  .. . 
l-hximm over- 
all t o t a l  
efff  ciency 
1.2 
.7 
95 
05 
95 
0.6 
05 
04 
04 
04 
0.6 
04 
03 
03 
93 
- 
0.5 
.4 
03 
.2 
.2 
-2  
0.1 
vu,1 
4%,a 
- 
0.54 0.905 
.62 ,904 
.57 ,900 
-69 -882 
-75 .862 
0.59 0.904 
.61 .900 
-64 .888 . 71 ,869 
-74 .858 
0.64 0.904 
.54 -892 
-64 .879 
-71 -854 
0.60 0.904 
-60 -900 
-60 -891 
.46 .883 
.60 .868 
-68 -842 
3.62 0.805 
. . . . - . . , 
lk&aum over-all rating 
and stEtti c  efficiencies, - 
- 
‘b 
- 
1.2 
.7 
.5 
.5 
.5 
0.6 
.5 
.4 
04 
.4 
0.6 
.3 
.3 
.3 
0.6 
.4 
03 
.2 
02 
.2 
0.1 
- 
- 
05 
- 
- 
- 
9, 
Vu, 1 
4Vu, a 
0.54 . 62 . 57 . 69 . 75 
0.59 . 61 .64 . 71 . 74 
0.- . 65 
0 5 4  
0 6 4  . 71 
0.68 
.60 
-60 
.46 . 60 
.68 
0.62 
0.903  0.813  0.81 
.899 .810 -82 
.a87 -800 -83 
-869 .785 .86 
-857 -776 -87 
~ 
0.900 . 896 
.887 
.87!5 
.846 
0.8ll 0 . a  
.807 .82 
.800 . 78 . 791 -81 
,767 -85 
~ ~~ 
. . . . . . . . . -. . . . . . . . 
\ 
4693 , - .  - . . -. . I 
k 
a 
I " 
0 
-1 - 
2 
3 
vx, 0 
Vx, 2 
++ 
. 4 -  
-I"" 
. .. . . . . 
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. . . .  
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t Second-stage  work-speed m e t e r ,  
0 
0 
V 
A 
h 
0 
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.6$29 
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Second-stage-rotor  impulse 
First-stage-rotor tmp lae  1 
;2 .4 -6 
First-stage-stator dt-Wrl parameter VU,l ' *%,a 
(a) Total efficiencY. (b) Static eff'iciency. 
Figure 3. - Over -a l l  efficiency characteristics; zero turbine  exit-whirl 
parameter;  equal  rotor  speeds, 1.0. 
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.loo 
"- .3 q7 Upper limit I 
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.83 
0 .2 .4 .6 .8 1 .o "- 
First-stage-stator exit whirl,  VU, 1 
 VU, a 
(a) Over-all total-efficiency  characteristics. 
Figure 4 .  - Effect of turbine exit whirl for equal ro tor  speeds, 1.0. 
.- 
0 -2 .4 .6 -8 1 .o 
First-stage-stator exit whirl, VU,l .- 
*VU ,a 
(b) Over-all rattng-efficiency characteristics. 
Fi$ure 4 .  - Continued. Effect of turbine exit  whirl for equal rotor 
speeds , 1 .O. 
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(c) Overall static-efficiency  characteristics. 
Figure 4. - Concluded.  Effect of turbine -it whir l  for equal rotor  . 
speeds, 1.0. 
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.90 
.80 Turbine exit- 
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Figure 5. - her-all maximum-efficiency  characteristics 
with exit whirl. Speed ratio, 1.0. 
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c, 
0 
X 
k 
0 
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Over-all work-speed paramater,'k 
(c) Rotor speed ra t io ,  2.0. 
Figure 6. - Work-eplit chaxacterietlce v i t h  exit whahirl for 
vexious rotor speed ratios. 
.95 
-75 
-65 
Figure 7. - Comparison of 1-, 5-, and 2-stage turbine efficiency 1 
characteristics over the range of X f r o m  0 to 0.5. 
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(a) Speed ratio, 0.5. 
Figure 8. - Over41  max~-efflclency characteristics 
with exit VhFrl. 
. 
. 
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0 -1 .2 .3 .4 
Over-all work-speed parmeter, X 
(b) Speed r a t io ,  2 .O. 
Figure 8. - Concluded. Over-all maximum-efficiency char- 
acteristics with exit w h i r l .  
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